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Abstract 

We present new proofs of two theorems of E.B. Davies and B. Simon 
(Tlim. 2.2.4 and Cor. 2.2.8 in [D]) about ultracontractivity property {Ult for 
short) of semigroups of operators and logarithmic Sobolev inequalities with 
parameter {LSIWP for short) satisfied by the generator of the semigroup. 
In our proof, we use neither the version of the LSIWP (Theorem 12.3(1 
nor Stein's interpolation. Our tool is Nash type inequality (NTI for short) 
as an intermediate step between Ult and LSIWP. We also present new 
results. First, a new formulation about the implication LSIWP ^ Ult using 
a result of T.Coulhon Second, we show that LSIWP and NTI are 

equivalent. We discuss different approaches to get Nash type inequalities from 
an ultracontractivity property. We give some examples of one-exponential and 
double-exponential ultracontractivity and also discuss the general theory for 
the second case. 
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1 Introduction 

In this paper, we give new proofs of theorems due to E.B.Davies and B.Simon (see 'D^ 
Thm. 2.2.4 and Cor. 2.2.8 (see also |DSj ) . They proved that an ultracontractivity 
property {Ult for short), 

||TJ||oo<e*'^W||/||i, Vt>0 iUlt)M (1.1) 

of a semigroup Tt = e~^^ (under some additional assumptions) implies a logarithmic 
Sobolev inequality with parameter {LSIWP for short), 

j f\ogU/\\f\\2)d^^<t{AfJ)+m\\f\\l Vt>0 {LSIWP)p (1.2) 

satisfied by the generator A with (3 = M. They also proved some converse results 
with some additional assumptions on the function j3. Indeed, it is not always true 
that a (LSIWP) p satisfied by a generator A implies an ultracontractivity property 
{Ult)M of the corresponding semigroup Tt = e~^^. In |DSj (see Rmk 1 p. 359), the 
authors give an example of generator A satisfying {LSIW P)i3 with /?(t) = ce^/* but 
with no ultracontractivity. So the converse implication doesn't hold in general. But 
under some conditions on the function /3, it can be proved that {LSIWP) implies 
{Ult)j^ with some function M (which may differ of the function M in (jl.ip ). An 
interesting situation is when M{t) = CiM{c2t) -I-C3. In that case, the two statements 
{LSIWP)j3 and {Ult)M are equivalent in the sense that M and M behave in the 
same way. For example, e^'^^*^ = Ce~^^t~'^e^^*"' i.e M{t) = ki — \t — dint + c/ 1"' with 
ki = InC, A, d,c,'y > 0. But we are unable to prove this relation between M{t) and 
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M{t) in the general situation. For instance, if P{t) = e^^*^ with < 7 < 1, we are 

only able to prove that M(t) = e^^*^ with 7' = as far as the author knows. It 
could be conjectured that 7' = is optimal. In particular, the singularity of the 
behavior of 7' clearly appears when 7 goes to 1. 

Let us recall briefly the interest of LSIWP and ultracontractivity property. The 
ultracontractivity property is equivalent for (symmetric) semigroup to the following 
on-diagonal estimate of the heat kernel: 

sup ht{x, x) = sup ht{x, y) < e^^^\ Vt > (1.3) 

X x,y 

with 

TJix) = J ht{x,y)diJ.{y) (1.4) 
{ht{x,y) is the so-called heat kernel). 

So, when we are able to prove a LSWIP and we have at hand a theorem saying 
that LSIWP implies an ultracontractivity property with an explicite bound, we 
immediately deduce the same bound on the heat kernel. Note that, if we replace 
LSIWP by a Nash type inequality, the same remark holds true (see [C])- Recall 
that a Nash type inequality (NTI for short) is the control by a function of the 
L^-norm by the quadratic form associated to the generator of the semigroup when 
the L^-norm is bounded. More precisely, 

Q{\\f\\l)<{AfJ), yfeV{A), ||/||i<L (1.5) 

Since LSIWP and Nash type inequality have the main goal (To prove ultracon- 
tractivity), we may ask for relations between these two inequalities. In that paper, 
we show that LSIWP and Nash type inequality are equivalent. Moreover, we use 
Nash type inequality to give a new proof of the statement (LSIWP) =^ (Ult). We 
use again Nash type inequality for the converse implication. This sheds new lights 
on relationships between these three inequalities. 

We now describe the contents of this paper. 

In Section 2, we describe well-known results about the relationship between ul- 
tracontractivity property and logarithmique Sobolev inequalities with parameter 
following ^DSj . We also recall part of the proofs for the convenience of the reader 
and also to be compared with the new methods developed in that paper. 

In Section 3, we prove the implication [LSIW P)fi =^ {Ult)M under the usual 
additional assumptions on the function (3. We use a new approach for the proof: 
we introduce an intermediate step with Nash type inequality. In fact, we give two 
different results. The first result is a new proof of a corollary of a general result 
of Davies and Simon (see |DSj ). The second proof gives another ultracontractive 
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bound using a result of T.Coulhon ^_Cj. This last result has more general applications. 



In Section 4, we study the converse: (Ult)M =^ {LSIWP)i3. The new proof has 
two steps. We deduce a Nash type inequality from the ultracontractivity property 
by using again a result of ([S]). This Nash type inequality is equivalent to a Nash 
type inequality with parameter already close to {LSIWP)/3. The second step con- 
sists in applying a method of truncation for Dirichlet forms developed in |BCLSj to 
obtain (LSIWP)^. 

In Section 5, we prove the equivalence between LSIWP and Nash type inequality 
using ideas developed in the preceding sections. 

In Section 6, we discuss different well-known approaches to prove Nash type in- 
equalities. Such discussion arises naturally since Nash type inequality is the main 
tool of our proofs. 

In Section 7, we focus on the polynomial ultracontractivity property i.e e*^^*-* = 
ct~'^, z/ > in (jLip which is equivalent to the usual L^-Sobolev inequality. We show 
how this ultracontractivity property can be expressed in terms of different functional 
inequalities. In particular, we recall the weak-Sobolev inequality introduced earlier 
by D. Bakry (see [Bj). This section essentially collects these information. 

Section 8. To show how this general theory can be applied outside of the poly- 
nomial ultracontractivity property setting, we mention two families of examples of 
heat kernels on the infinite dimensional torus coming from |B2j . The generator 
of the semigroup is an infinite dimensional Laplacian with constant coefficients. The 
sequence of these coefficients has to go to infinity. Depending on the speed of this 
sequence, the corresponding heat kernel bound has a different behavior. The first 
family of examples is the one-exponential ultracontractivity behavior i.e 

e^^W = cie'^^/*^ (7>0). 

in In this situation, (Ult)M and the corresponding {LSWIP)i3 are equivalent 

(for the abstract theory) in the sense that M{t) = c/V and (3{t) = c/V with possibly 
different constants c. 

The second familly of examples is the double-exponential ultracontractivity be- 
havior i.e 

e^^W = cie'^^^^*', (7>0). 

in (jl.ip . In this case, the general theory doesn't give equivalence between {Ult)M 
and the corresponding {LSWIP)p. More examples of heat kernel behaviors (i.e 
ultracontractivity ) can be found in |B2j . 

In Section 9, we discuss in the general frame work the relationship between 
double-exponential ultracontractivity property and the corresponding {LSWIP)^ 
(or the corresponding Nash type inequality). 
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2 Relations between ultracontractivity and LSIWP 

Let (e~^*)f>o = iTt)t>o be a symmetric Markov semigroup on L'^{X,diJ,) with gen- 
erator A defined on a a-finite measure space {X,dfi). We say that (Tt)t>o is ultra- 
contractive if for any t > 0, there exists a finite positive number a{t) such that, for 
all / e : 

||T,/|U<a(t)||/||i. (2.1) 

An equivalent formulation (by interpolation) of ultracontractivity is as follows: 
For any t > 0, there exists a finite positive number c{t) such that, for all f & L"^, 

||ri/||oo<c(t)||/||2 (2.2) 

Also by duality, the inequality (j2.2j) is equivalent to 

r*/||2<c(t)||/||i (2.3) 

It is known that, under the assumptions on the semigroup (Tt)t>o, ()2.2p implies ()2.1|) 
with a{t) < c^{t/2) and (j2IH) implies (Q with c{t) < ^/a(T}. 

We say that the generator A satisfies LSIWP (logarithmic Sobolev inequality 
with parameter) if there exist a monotonically decreasing continuous function f3 : 
(0, +oo) (0, +oo) such that 

/ f log/rf/.<eg(/)+/3(6)||/||^ + ||/||^log||/|h (2.4) 

for all e > and < / G Quad(A) n n where Quad(y4) is the domain of \/A 
in and Q(/) = (v^/, VAf). 

This inequality is modeled on the celebrated Gross inequality [O]- 

In |DSj .[Dj. the authors show that LSIWP implies ultracontractivity property 
under an integrablity condition on (3. This condition can be enlarged and be stated 
as follows: 

Theorem 2.1 (Cor. 2.2.8 ]^ ). Let (3{e) he a monotonically decreasing continuous 
function of e such that 

I f log fdf^ < eQ{f)+Pie) WfWl + l|/l|^logl|/||2 (2.5) 

for all e > and < / G Quad{A) fl fl Suppose that for one rj > —1, 

M,{t) = (r/ + l)t-(''+i)) (^-^^ ds (2.6) 

is finite for all t > 0. Then e~^^ is ultracontractive and 

||e-^1oo,2 < e^-^-W (2.7) 

for all < t < CO . 
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Before recalling the proof of Davies and Simon, we make some comments. 

Corollary 2.2.8 of DJ is Theorem 12.11 with rj = 0. In the literature, Corollary 
2.2.8 of jD] is used, for instance, to deal with P(t) = ct~°' for < a < 1 and we 
had to go back to Theorem 2.2.7 to deal with the case a > 1 (see |FLj for such 
an instance of application). Theorem 12.11 unify these two cases in one case just by 
an appropriate choice of 1]. Indeed it is easy to obtain the bound of ultracontrac- 
tivity in the theorem above with the parameter rj by the same argument used to 
treat the example 2.3.4 p. 72 of |D]. The proof will be recalled below. Note that, in 
general for our applications, (3 is non- increasing so that for any t] > —1, we have 
/?(;^)<M,(t),t>0. 

So the interest of such result relies on the fact that we can choose the parameter 
7]. Indeed for some parameter t] the integral ()2.6p may not converge at the origin 
but it may converge for some other parameters rj. For instance when f3{t) = c/t"' 
{a > 0), we obtain Mri{t) = c'/t°' with the same index a but we have to choose 
7] > a — 1. The weight is used to remove the singularity of the integral at the 
origine. So for this example of class of functions, with an appropriate choice of 1], 
the integral ()2.6|) converges and we recover the function (3 (up to a multiplicative 
constant). 

It may also happened that, for some function (3, the integral doesn't converge 
for any choice of rj. For instance, P(t) = exp(c/t"), a > 0. 

The aim of this paper is to give a different proof of this result (see Section OJ. 

We now recall the main steps of the proof of Theorem 12.11 for the case t] = and 
give the proof of the general case r] > —1 (which can be deduce from Example 2.3.4 
p.72 of pj). 

The first step is the following lemma. This lemma says that if an L^-version of 
LSIWP is satisfied then an L^- version is also satisfied for any p G (2, +oo). 

Lemma 2.2 (Lemma 2.2.6 ]Q) Assume that the LSIWP \2.4\l is satisfied. Then 
I gnoggdfx < e{Ag,gP~') + 2P{e)p"' Ml + \\9\pog\\g\\, (2.8) 

for all2<p<oo, all e > and all geV+ = Ut>o e-^\L^ n L°°)+. 

For the next step, the parameter e can be chosen as a function of p in the L^- 
inequality ()2.8p . Then we can deduce the ultracontractivity property from this 
family of L^-inequalities. 

Theorem 2.3 (Thm 2.2.7 VD^) Let e{p) > and T{p) be two continuous functions 
defined for 2 < p < oo such that 

J fnogfdf, < e{p) < AfJ^-' >+T{p) 11/11^+ ||/||pogl|/l|p (2.9) 
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for all2<p <oo and all f eV+ = [jt>o e-^^^L^ n + . // 

t= p'h{p)dp, M= p''^T{p)dp (2.10) 

are both finite then e~^* maps into L°° and 

||e-^1oo,2 < (2.11) 

Proof of Theorem l2.H Let rj > —1 and set = rj + l > 0. We apply Lemma 
21 and Theorem 12 . 31 with 



e(p)=tz/2V^ T{p)=2P{eip))p-\ 

then M{t) = J^°° 2i3{e{p))p~'^ dp = M^{t) as defined above. This completes the 
proof. 

Now we consider the converse statement. We recall the following result due to 
Davies and Simon. In this statement, we note that there is no restriction as the 
integrability condition of Theorem 12.11 Thus an ultracontractivity property always 
implies LSIWP. 

Theorem 2.4 (Thm 2.2.3 ^ A ssume that e "^^is ultracontractive i.e. 

||e--^1oo,2 < e*^W (2.12) 

for all t > 0, where M{t) is a monotonically decreasing continuous function oft. 

Then < / G Quad{A) fl fl L°° implies /^log/ G , and the logarithmic 
Sobolev inequality 

I f log fdf, < eQif) + Mie)\\f\\l + ||/||^ log H/lh (2.13) 

for all e > 0. 



Proof : We just recall the main arguments. We consider Qz = e for < < 1 
for a fixed t. For any ?/ G M, we have 

llQ../||2<||/||2 

and 

||gi+.,||oo<e*^W||/||2. 
By Stein's complex interpolation Theorem, for any < s < t, with 6 = s/t, we have 
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with p{s) = 2t/(t — s). Note that at this stage, the dependance of the bound in s is 
very simple and have the value 1 at s = 0. 



The second idea is to obtain the expression under the integral with In/ by 
deriving at s = the L^^^^-norm of fs = Tgf (here we skip the details). Let 



Wfs 



|P(s) 

lp(s)' 



<P'{s)=p{s) < > +p'{s) J ff'hnf^dfi. 

Let 'ijj{s) = e*^^*^*)/* and assume ||/||2 = 1 thus 0(0) = ip{0) = 1! Consequently, 

0'(O) < ^'(0) 

that is 

-2<Af,f>+-J f\nfdii< 2M{t)/t. 
The proof is completed. 



Our new proof in Section 0] avoid the interpolation argument . 

The main applications we have in mind for Theorem 12. II is with 

/3(e) = ln(a(e)) = Inci — Ae — rflne + C2/e^ 

with ci, C2 > and A, (i, 7 > (i.e. a{t) = Cie~^*t~'^exp(c2/t'^)). For a suitable choice 
of 7] in Theorem 12.11 we obtain for a function of the same type as (3. More pre- 
cisely M^{t) = Inc; - X't - dint + d^/f^. So e^-^-'W = c; exp(-A't)r'^exp(c'2/t^) is 
of the same type as a{t) above (that is up to constants ci. A, C2). Note that the 
exponents d and 7 are preserved in this transformation. For this class of function. 
Theorem 12.11 and Theorem 12.41 are converse of each other. 



Of course, other classes of functions (3 can be considered but we are not always 
able to pass from LSIWP to ultracontractivity. Indeed, it is worth noting that there 
exists also a semigroup which is not ultracontractive but satisfies LSIWP ()2.5p with 
/3(e) = Ci exp(c2/e) (see p. 359 and also Section 4 p. 355 and section 5 p. 357 in ^DSj). 
At the end of this paper, we give an alternative proof for an explicit bound for 
ultracontractivity when /?(e) = Ci exp(c2/e'^), 7 g]0, 1[. 

To finish this section, we mention the following result. If we only suppose < 
/ e Quad{A) then it is not obvious that p log f E (at least when is not finite) 
and we have a slight variation of Theorem 12.41 

Theorem 2.5 (Thm 2.2.4 IHi)- Let e~^^ be ultracontractive with 

||e-'^1oo,2 < e^^W (2.14) 
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for all t > 0, where M{t) is a monotonically decreasing continuous function of t. 
Then < / G Quad{A) implies 

J flog^fdf^ < eQ{f)+P{e)\\f\\l + 11/11^ log (2.15) 

for alle>0 where (3{e) = M(e/4) + 2. 

In the next section, we give a new proof of the theorem l2.1l in the form of Theorem 

Hi 

3 LSWIP implies ultracontractivity 
3.1 Davies-Simon result 

Assuming LSIWP is satisfied by the generator, we give a new proof of ultracontrac- 
tivity property of the associated semigroup (under some integrability conditions). 
We do not use version of LSWIP as in |DSj . We only use of the inequalities. 
There are three steps in our proof. First step: from LSIWP we deduce a (relaxed) 
Nash type inequality for the generator using a convexity argument fLemma 13.11) . 
Second step: we derive a differential inequality satisfied by the associated semi- 
group. Third step: we prove a universal bound on all solutions of this differential 
inequality (Lemma 13. 3|) and, as a consequence, we deduce the ultracontractivity 
property . 

The first lemma depends on a convexity argument (Jensen inequality). This 
lemma will also be used in section |3] and IHl This lemma comes from |HiMa| . 

Lemma 3.1 /// G n wzth / > and ||/||i = 1 then 

ll/ll2log||/||2< J f\og{f/\\fh)d^, (3.1) 
and, more generally, if f E H L°° with f >0, 

ll/ll2log||/|b< / f log/rf/.-||/||^log||/|b + ||/||^log||/|K (3.2) 
In particular, ^/ ||/||i < 1 then i3. 1]) holds true. 

Proof : If / G n with / > and ||/||i = 1 then du = fdjj, is a probability 
measure. For every convex function \1/ : — > R^, the Jensen inequality yields 

^[lfdu^<l iI/(/)rfz/ (3.3) 

We apply this to the convex function \E'(x) = xlogx. Therefore, J f du = \\f\\l and 

2||/||^log||/||2< / f log/rf/i (3.4) 

9 



We conclude ()3.1|) with = 1. To obtain the general case ()3.2|) . we put /H/IlT"'^ 
instead of / in ()3.1|) then the inequality follows. When < 1, ()3.2|) implies ()3.1|) . 
The lemma is proved. 

Remark 3.2 We can prove an analogue to the inequality with log^ instead of 
log. 

The following lemma gives a universal bound for all the solutions of the differen- 
tial inequality with parameter ()3.6|) . We shall note that this bound doesn't depend 
on the initial condition. We also discuss the optimality of the result. 

We need to introduce some notations and definitions. For any 77, A G M and for 
any continuous real- valued function b defined on (0, -|-oo), we define the following 
function: 

(assuming this integral converges). This function plays the role of the function 
of Section lU We shall denote by if^^b the function Hrj^(r]+i)/2,b- 

Lemma 3.3 Let to E (0,+cxd]. Assume that $ G C"'^((0, +00), M) is a function 
satisfying the following differential inequality 

^s)<{-t/2)^'{s) + b{t) (3.6) 

for all s > and all < t < t^, with b a continuous real-valued function defined on 
(0,to). 

1. For any rj > —I, let A = ^±1. Assume that Hr^i,{t) converges for all t G 
(0, inf(to, So/A)). Then for all tE (0, inf(to, Sq/A)).- 

m < H,,bit)- (3.7) 

2. Assume that ^ is a non-negative function. For any t] > —1 and A > we 
have for all < t < mi(to, Sq/ X) : 

m < Hr,xb{t) (3.8) 

Moreover, if b is non-increasing and non-negative, the function A — > iJ^^A,6(i) 
is increasing for fixed t and fixed rj. Hence, in that case, inequality \3. <S|) with 
A = implies the others. 

3. Forr] > -1 and X = ^±1. Then Hr^xb{s) satisfies Hl^) for all s G (0, inf(to, Sq/A)) 
with t = s/X. In fact in that case, the inequality \3. 6|) is an equality. 
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Proof of Lemma 13. 3t Let 77 > —1 and A > 0. For s > choose t = s/X in ()3.6p . 
We multiply ()3.6p by and integrate over the interval (0,t]. Then 

/* ds < (-1/2A) /* s^+^<l>'(s) ds + f s%{s/\) ds. (3.9) 

Jo Jo Jo 

The second integral is integrated by parts, so we get 



2A 



2A 



f s'>^s)ds + t s%{s/X)ds. 
Jo Jo 



Let A = (77 + l)/2 if $ is real-valued and let A > (77 + l)/2 if $ > 0. The second 
term above is negative. Then 



< t s%{s/X)ds. 
2A JO 



This proves 1 and 2 of the lemma. The statement 3 is easy to check by a direct 
computation. 



Now, we can restate Theorem 12. II with a slight modification of the expression of 
the bound (j2.7p . The proof depends upon Lemmas 13 . 31 and 13 . II and it is short. This 
proof is also simpler than the original proof of Theorem 12.11 because it doesn't use 
Theorem 12.31 But as already mentioned, an important disadvantage of Theorem 12. II 
or Corollary 2.2.8 of [D] is that it doesn't enable us to treat the case (3{e) = e~ , a > 
0. By a modification of Lemma (3.31 we shall provide in Section El an explicit bound 
of ultracontractivity property under the assumption /?(e) = with < a < 1 . 

Theorem 3.4 Suppose that the following logarithmic Sobolev inequality is valid for 
alle>0 and all < f E Quad{A) n n L°°, 

/ f log/rf/x < eQ{f)+Pie)\\f\\l + 11/11^ log ll/lh (3.10) 
with (3 a continuous function. Then for all rj > —1 

||e-^1oo,2 < e^^-W (3.11) 
for all < t < 00 where M^{t) is defined in \2.(^) . 



Proof : Assume that < / G Quad(A) n n We set /, = e"^*/ = T,/ 
for s > 0. Suppose ||/||i = 1 then, by contraction property on of the semigroup, 
ll/slli < ll/lli = 1- We check that < /, G Quad(A) nL^ nL°°. We put /, in dSHHI), 

j f'^ogf,d^^-\\f,\\l\og\\fsh<tQUs)+m\\fs\\l (3.12) 
for all s, t > 0. We apply Lemma EIH with /s, we deduce 

||/.||^log||/.||2< W.)+/3(t)||/.||^ (3.13) 
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Let ^(s) = ||/,||^. Then ^'(s) = -2Q{fs). Therefore, ^(s) satisfies 

^^is)\og^{s) < {-t/2)^'{s)+pm{s) (3.14) 

Let = log\l/(s) and changing t by t/2, then 

^{s) < {-t/2)^'{s) + b{t) (3.15) 

for all s,t > with b{t) = 2f3{t/2). We apply Lemma 13.31 with to = +oo, for all 
T] > -1 

$(t) = log \\TJ\\l < H,,hit) = 2M^{t) (3.16) 

Hence, 

||T,/||2<exp(M,(t))||/||i (3.17) 

By duality, 

||T,/|U<exp(M,(t))||/||2. (3.18) 
The proof of the theorem is completed. 

We can localize this result in the sense that, if we assume ()3.10p holds true for 
all < e < eo then (jXTT|) holds true for t G (0, 2eo). 

3.2 Another ultracontractive bound 

Now, we prove another ultracontractive bound for the semigroup under the assump- 
tion that the generator satisfies LSIWP. We use a result due to T. Coulhon (see 
Prop. II. 1 of [d) and the lemma (j3.1|) of this article. 

Theorem 3.5 Let A he a generator of a submarkovian semigroup and (3 he a func- 
tion such that: 

J f\og{f/\\f\\2) d^i < t{AfJ)+m\f\\lt> 0. (3.19) 

We define B{y) = sup(>o(tt//2 — tp{l/t)),y e M and M{t) the inverse function of 
q(s) = 1+^ J^,s eR (We assume that ^ < oo ). Then 

||T,/|U<e*^W||/|K (3.20) 

for any t > 0. 

Proof : We assume that (|3.19|) is satisfied. The first setp is to obtain a Nash type 
inequality. For that purpose, we apply lemma (|3.1|) : 

11/11^ ln||/||2<t(A/,/)+/?(t)||/||^, Vt>0, V/GP(A), ||/||i<l. (3.21) 
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Hence 



n 2 



- ln||/||^--/?(t)||/|| 



2t 



t 



<{AfJ). 



By optimisation over t > and by definition of 



5 (in I 



<(A/,/), V/GI)(A), 



< 1. 



(3.22) 



(3.23) 



Since B is convex, it follows that B is continuous. Let's denote by 6(x) = xB{hix), x > 
(here we use notations of ^). For the second step, we apply Prop. II. 1 of (Cj which 
says that 

\\TJh<mit)\\fh 



with m{t) the inverse function of p{t) = ft e^'^ ^ ^' ^ change of variable. 



we get 



Setting q{s) = 



Pit) 



dy 



,t > 0. 



hoo dy 



'hit B{y) 

we obtain p{t) = q{\nt),t > 0. Thus m{t) 



exp{q-\t)) = e^^(*) with M(t) defined as in this theorem. This completes the proof. 



4 Ultracontractivity implies LSIWP 

In jD] and |DSj . the authors show how we can deduce LSIWP from ultracontractiv- 
ity using the complex interpolation of Stein. In this section, we give another way 
to deduce logarithmic Sobolev inequality with parameter from ultracontractivity. 
Nash type inequality is involved in the proof. 

We first recall a result due to T.Coulhon which is one step to prove LSIWP 
from ultracontractivity property. We give a slightly different presentation of the 
statement of this theorem and we recall the proof for the convenience of the reader. 

Theorem 4.1 Let (Tt) be a symmetric semigroup on . Suppose that 

\\TJ\\l<m{t)\\f\\l, W>0. (4.1) 

Then the following Nash type inequality is satisfied 

||/||^A(ln||/||^)<(A/,/), yfeViA), ||/||i<l, (4.2) 

where A(s) = sup(>Q(st — tlnm(l/2t) ), s G M. 

The function A is the conjugate function (or so-called Legendre transform) 
of t — > tlnm{l/2t). The function x —>■ a:;A(lnx) is nothing but the function 
Q{x) = sup(>Q(a;/2t) log(a;/m(t)) of Proposition II. 2 of jOj- The interest of the 
formulation (j4.2j) is that it expresses in terms of the Legendre transform A and 
is well-appropriate to deal with fractional powers of A. Indeed, in |BeMaj it is 
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proved that if A satisfies a Nash type inequahty with B(x) = xA(lnx) then A" 
(0 < a < 1) satisfies a Nash type inequahty with (roughly) 9a(x) = xA°'(\nx) 
where A" = exp(alnA). 



Proof : Nash type inequahty ()4.2|) is proved by using a convexity argument and 
optimization over the time parameter. By Jensen's inequahty, 



r+co 

Jo 



-2t(AfJ)/\\m ^ / ,-2tA>, _ NT. fl|2/||f||2 



where d^{X) = d{Exf, f)/\\f\\l and (Ex) is the spectral decomposition of A. By 
assumption ()4.H) and ||/||i < 1, we deduce 

This can be written as 

-2t(A/,/)<||/||^lnm(t)-ln||/||^) 

or equivalently by changing t by l/2t 

\\f\\l{tln\\f\\l-t\nm{l/2t))<{Af,f). 
We finishes the proof by optimizing over t > 0. 

It is easily proved that Nash type inequality (j4.2p is equivalent to what we shall 
call the relaxed Nash type inequality below 

ll/ll2log(||/||2) < t{AfJ) + log(V^)||/||L yt > 0, ll/lli < 1. (4.3) 

We compare this inequality with the one we can deduce from Davies- Simon 
Theorem recalled in ()2.4j) . Under the assumption of ultracontractivity property of 
Davies-Simon Theorem and with Lemma ITU we get the following relaxed Nash type 
inequality : 

^log(||/||2) < t{AfJ) + M{t)\\f\\l \/t > 0, ll/lli < 1, (4.4) 



and the two functions M(t) and \og{Jm(t)) from ()2.12|) and ()4.H1 are the same 



i.e M(t) = log(ym(t)) (We assume that ()2.12|) and ()4.H) are equalities). So the 
inequalities ()4.3|1 and ()4.4|1 are the same. 

We now state the equivalence of relaxed Nash type inequality and LSIWP when 
Q{f) = {Af,f) is a Dirichlet form (see |FUj ). We apply truncation method as 
developped in |BCLSj . This result is essentially contained in ^BiMaj. We give the 
sketch of the proof for completness. 
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Theorem 4.2 1. Assume that Q is a Dirichlet form and that the following in- 
equality is satisfied 

ll/ll2log(||/||2) < tQif) + M{t)\\f\\l yt > 0, ll/lli < 1. (4.5) 

Then 

I fhg^f mil) dfi< tQif) + Mit)\\f\g Vt>0 (4.6) 
with M(t) = —M{t/ci) +C2 (The constants Ci,C2 > do not depend on f and 

Q)- 

2. Conversely (without any assumptions on the quadratic form Q), if (|^.6| ) is 
satisfied then \4-3}) is also satisfied with M{t) = M(t) for all t > 0. 



Proof 



The arguments are taken from |BiMaj and |BCLSj . We give the ingredients 
of the proof. Let / such that < / and II/II2 = 1- Let /c G Z, we define 
fk = if - S'') A 2''. Fix t>0. By assumption, 



IIMIaMIIMb/IIMIi) < tQifk) + MmfkWl 



We have 2^-i < HMb/HMIi and 2^'^fi{2'' < f) < \\fk\\l We set W{g) = 
tQi.9) + -^(^)||5'||2 (note that W is also a Dirichlet form). Then we deduce for 
any k Eli, 

2'V(2'</) log 2^-1 <iy(/fc). 
By discretisation of the integral, 

/oo 
/2 log+ fdfi<Y, 2'^''+'^ log 2'=+V(2'' < / < 2^=+^). 

k=0 

Hence, altogether, we get for some c, c' > 0, 

/oo 
flog^fdfi<cY.W{f,.,) + c'\\f\\l 
k=0 

We conclude by the fact that W is a Dirichlet form then 

00 

^==0 feeZ 

For a demonstration of the last statement see |BiMaj . This finishes the proof 
of the first statement. 

2. We apply Lemma ITTl 
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This finishes the proof of this theorem. 

Combining Theorem 14.11 and Theorem 14. 2t we obtain a new proof of LSIWP 
from ultracontractivity property. Indeed, we first apply Coulhon's resuh 14.11 then 
we get the so-called relaxed Nash type inequality (|4.3|) . We now apply Theorem 14.21 
to conclude. Note that in fDj, they get M{t) = M{t) for alH > 0. 

5 Relations between Nash type inequality and LSIWP 

We now prove that Nash type inequality and LSIWP are (essentially) equivalent. 
We obtain this result by putting together arguments of Section |3 and using the fact 
that the function A in ()5.H) is a Legendre transform. The natural assumption on A 
comes from the following remark: we have proved that ultracontractivity property 
(see OOl)) or LSIWP (see and ^TIT) ) implies a Nash type inequality of the 

form 

ll/ll2A(ln||/||^)<(A/,/),||/||i<l,/GP(A). (5.1) 

where A is given by the Legendre transformation (i.e the so-called conjugate func- 
tion) of the function 

A(y) = sup(ty/2-^(t)) 

with ijjit) = tp{l/t) (see fl4.2|) ). It implies for any t > and any y G M, 

ty/2-Aiy)<^{t) (5.2) 

which says in particular that the function y ty/2 — A{y) is bounded for any t > 0. 
Note also, in the theory of Orlicz spaces, the functions ip and A are A^-functions in 
the sense of jX] and ip is obtained by the duality formula, for any t > 0, 

snp{ty/2-A{y))=^{t) 

Here, ip and A are not necessarily A^-functions. In our case, it is not a problem 
because we only need the inequality ()5.2p in our applications. So as we can see, 
Legendre transform (or more generally convexity) plays again an important role in 
our theory. 

We are now in a position to give the natural condition on A to formulate our 
first statement: Nash type inequahty =^ LSIWP. 

Theorem 5.1 Assume that i5.1]} holds true for some function A with {Af,f) a 
Dirichlet form and that A satisfies the following hypothesis: for any fixed t > 0, the 
function y eM. ^ ty/2 — A{y) is bounded above. Set 

N{t) = snpity/2-Aiy)), t>0 
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and 

m = tN{i/t). 

Then, there exists Ci, C2 > such that, for all f G V^A), 

J f\og4f/\\mdfi<t{Afj)+m\f\\i yt>o (5.3) 

With Pit) = ^^Pif^)+C2. 

In fact, the main point of Theorem 15.11 is the existence of the function N. For 
instance, the second hypothesis of this theorem is satisfied if the following conditions 
(Al) and (A2) below holds true. 

(Al): For any s > and any i/q G M, the function y — > sy — A{y) is bounded 
above on the interval {—oo,yo). 

(A2): lim,^+oo ^ = +00. 

For example, the assumption (Al) is satisfied if A is non- negative or if there exists 
yi E M. such that A{y) = for all y < yi and A continuous or limj^_,_oo A(?/) = 
and A continuous. 

As we have already mentioned, if A is given by the Legendre transformation of 
some function i.e A(?/) = supj>o(^l//2 — i^if)) (finite at any point ?/ G M) then A sat- 
isfies immediately the hypothesis of our theorem. Also note that the transformation 

t^ Pit) =tN{l/t). 

is idempotent. So N{t) = tp{l/t). 

Proof : By Theorem 14.21 it is enough to prove ()4.5p . As a consequence of the 
definition of N{t), we have for any t > and any y G M, 

yt/2 - A{y) < N{t) 

or equivalently, 

yt/2 - Nit) <Aiy). 

Let y = In I I/I I2 in the inequality just above and multiply it by 1 1/| |2- Hence, by our 
assumption (|5.1|) . we deduce 

^ll/ll2ln||/||^-Ar(t)||/||^<(A/,/). 

We set t = l/s,s>0. This yields 

ll/ll2ln||/||^<^(A/,/) + .Ar(l/.)||/||^ 

and by definition of P, 

\\f\\>\\f\\l<s{AfJ)+P{s)\\f\\l 

So, ()4.5p is proved with M{t) = ^P{2t). Now, we apply Theorem 14.21 This finishes 
the proof. 

We now state the converse of Theorem 15.11 Note that we do not need any 
assumption on the quadratic form {Af, f) for this converse. 
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Theorem 5.2 Assume that, for all f e 'D{A), 

I f\ogM/\\f\\2)dfi<t{AfJ)+m\f\\l Vt>0 (5.4) 
is satisfied. Set 

Aiy) = snpity/2-N{t)), y 
t>o 

with 

N{t)=t/3il/t). 

Then, for all f eV{A), 

ll/ll2A(ln||/||^)<(A/,/),l|/l|i<l. (5.5) 

The function A is automaticaUy defined as can be seen in the course of the proof. 

Proof : The assumption ()5.4j) imphes obviously LSIWP. We now repeat the ar- 
gument of the beginning of the proof of Theorem IH.5I We apply Lemma IH.ll to get 
()3.23|) with B = A. This completes the proof. 

We have shown that Nash type inequality are equivalent to LSIWP in the sense 
of Theorem 15.11 and Theorem 15.21 

6 Nash type inequality 

In this section, we study some aspects of the relationship between ultracontractivity 
and Nash type inequality (see [D] , |Ij ) of the form : 

Bmi)<Q{f) (6.1) 

for all / G Quad{A) fl with < 1. The classical Nash inequality corresponds 
to B{t) = ct'+^Z'' (see ^K^ ) i.e. 

c||/||2^'/"<g(/)||/|ir (6.2) 

Let V, W be two continuous functions on [0, +oo[ and bi a continuous function 
on ]0, +oo[. We begin by the following easy but important proposition : 

Proposition 6.1 The two following inequalities are equivalent : for all t > and 

all f G Quad{A) n with ||/||i < 1, 

^(11/11^) <tg(/)+&i(t)l^(||/||^) (6.3) 

and 

B{\\f\\l)<Q{f) (6.4) 
where is defined by B{x) = sup^>q(sV^(x) — b{s)W{x)),x > with b{s) = sbi{l/s). 
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The inequality ()6.3|) will be called relaxed Nash type inequality. We shall apply 
this proposition in two important cases : 

case (A) : 

V{x) = X, W{x) = 1. (6.5) 

case (B) : 

X 

V{x) = — logx, W{x) = X. (6.6) 

Remark 6.2 The assumptions on V, W, hi and 46'. implies that -B(||/||2) is finite. 
With V{x) = X, W{x) = 1 then B{ x) — sup<,^q(sx — b{s)) is the complementary 
function (or Legendre transform) of b. In applications, we often recover b{s) by the 
same formula b{s) = sup^y^^xs — B{x)) (see ^A] p. 229). 

With the choice V{x) = |lnx and W{x) = x, B{x) = x sup^^Q^^lnx — b{s)) is 
similar to the function B introduced in section^ 

Proof : The proof is easy and left to the reader. 

By the remark just above, the problem of obtaining the Nash type inequality 
(I6.4|l is equivalent to show the inequality ()6.3|1 . But some difference may arise from 
the choice of the functions V and W as we shall see below. Under an ultracontrac- 
tivity assumption on the semigroup, we apply the proposition 16.11 in case (A) and 
(B) respectively. 

Case A 

We start with this simple case. 
Theorem 6.3 Let Tt be an ultracontractive semigroup such that 

im/|U<a(t)||/||i (6.7) 

then 

\\f\\l<tQ{f) + ait) (6.8) 
for allt>0 and f e Quad{A) n L\ with ||/||i < 1. 

and 

Bm\l)<Qif) (6.9) 

for all t > and f G Quad{A) fl , with \\f\\i < I, where we set b{s) = sa{l/s) 
and B{x) = sup^^Q^sx — b{s)). 

The inequality ()6.8|) is called super- Poincare inequality in jWj (see (1.2) of |Wj)- 
See also Sec. 5 of for related results to the ultracontractivity property. 
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Proof : Let / G n Quad{A) with ||/||i < 1. Set /, = TJ, then for all t > : 

f = ft + f Af.ds 
Jo 

Hence, 

II/II2 = (/*,/)+ f\Afs,f)ds 
Jo 

and 

11/11^ < ll/*||ool|/l|l+ fQ{fs/2)ds 

Jo 

The function s 1— > Q{fs) = (^/s, fs) is non-increasing, thus 

\\f\\l<a{t)+tQ{f) 

We conclude the proof by applying Proposition 16.11 with V{x) = x,W{x) = 1 and 
bi{t) = a{t). 

In particular, if a(t) = ct~^ then we obtain the classical Nash inequality ()6.2j) . 
This result is well-known (see |VSCj ). In fact, ()6.7|) and ()6.2|) are equivalent (see _CKS]) 
and are also equivalent to Sobolev inequality (when n > 2) : 

\\ff^<cQ{f) (6.10) 

n-2 

This last result is due to Varopoulos (see fV]). 

For applications, an important family of functions is 

a{t) = cir" exp(^), a > 0, 7 G M. (6.11) 

This kind of function motivates our study. Of course, when t is small the main term 
is the exponential for which the computation of B just above is rather complicated. 
Indeed, with 7 7^ and a ^ the function B doesn't seem to be known explicitely. 
We can certainly estimate B{x) when x is large. But we shall see below that a bet- 
ter approach of Nash type inequality is to use the logarithmic Sobolev inequality. 
In that case a{t) is replaced by Ina(t) with a change of the couple (V, W) and the 
corresponding function B{t) can be computed exactly (see case B). 

Case B : 

We have at least two possibilities to prove Nash type inequality from an ultra- 
contractivity property for the case V{x) = | Inx and W{x) = x. One way is to use 
the LSIWP and the convexity Lemma f3. II An alternative proof is to use Coulhon's 
result recalled in Theorem 14. II 

Theorem 6.4 Let Tt be an ultracontractive semigroup such that 

||Ti/||oo<a(t)||/||i (6.12) 
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or 



\\TJ\\oo<^/^)\\fh. 

Then, for all t > and f e Quad{A) n , with ||/||i < 1 



^log||/||2<tg(/) + ^loga(t)||/i|^ 
Or equivalently the following Nash type inequality 

Bm\i)<Qif) 

with B{x) = X sup^>q(| logx — b{s)) and b{s) = | loga(l/s). 



(6.13) 



(6.14) 



(6.15) 



Proof : By applying Theorem 12 .41 with M{t) = |loga(t), the following LSIWP is 
satisfied: for alH > 0, 



f\og{f/\\fh)d^I<tQif) + Mit)\\f\\l 



(6.16) 



From the lemma ITTl we deduce (j6.14|) . We conclude by applying Proposition 
16.11 with V{x) = I logx, W{x) = x and bi{t) = | \oga(t). This completes the proof. 



The alternative proof using Coulhon's result is left to the reader (see Theorem 



ED. 



We now give an example. When a = in ()6.11|) . we are able to explicit function 
B in Nash type inequality. 



Theorem 6.5 // the following inequality is satisfied for some 7 > 0, 



\Ttf Woo < ciexp(^ 



(6.17) 



Then there exist k,f3 > such that for all f G Quad{A) fl , with ||/||i < 1, 

1+^ 



^11/11^ 



log 



<QU) 



(6.18) 



Conversely implies (|6'. j7| ) with different constants Ci and C2- 



Proof : We apply Theorem 16.41 Since B{t) = tD (log ^/i), we have just to compute 
D{x) = snp g^Q{sx ~ b{s)) with b{s) = + ys^"'"'^. For a; G M, we easily study the 

extrema of h{s) = sx — b(s) and obtain D(x) = k[(x — ki)^]^'^~ , x G M with k > 0. 



Let /3 = e^^ then B{t) = kt 



Proposition 16.11 and Theorem 12. II The proof is completed. 



. The converse is proved by applying 
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Remark 6.6 We denote that b{s) may not an N-function in the sense of p. 
since \ims^ob{s)/ s is not necessarily zero. But for all t,s > 0, the functions B and 
b satisfy 

t{s\ogVi-b{s)) < Bit) 

Let V = log y/t, then 

sv — H{v) < b{s) 

with H{v) = e-2^5(e2''). Hence, 

H{s) = sup{sv - H{v)) < b{s) 

It is easily seen that H{s) = b{s) when B{t) = kt [log ^ j 

We now show that an ultracontractive bound on the semigroup imphes a gener- 
ahzed Gross' inequahty (see ()6.20l below). Such an equality is easily deduced from 
LSIWP. 

Theorem 6.7 Let Tt he an ultracontractive semigroup such that 

||Ti/i|oo<a(t)||/||i (6.19) 

then 

dI^J f log/rf^) <g(/) (6.20) 

for alio < / G Quad{A) f] f] with Wfy = 1 and where D{t) = sup,^o{st-b{s)) 
with b{s) = |loga(i). Equivalently, 

ll/lli D {\\f\\,^j f log(//||/|h) rf/i) < QU) (6.21) 
for allO< f e Quad{A) n n 

Proof : By Davies-Simon Theorem 12.41 we have 

J f log/d/i < tQif) + lloga(t)||/||^ + ll/ll^log Wfh (6.22) 
for all t > 0. We now assume that = 1 then changing t by 1/s, 

s (I f log fdf?j-^ log a{l/s) < Qif) (6.23) 

Thus, with D define as above, we conclude ()6.2U|) and ()6.21|) by renormalisation. 
This proves the theorem. 
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We can see Theorem 16.41 as a corollary of Theorem 16.71 when D{t) is non de- 
creasing in t. The proof is a simple application of the lemma IXTl which can be also 
formulated as follows, for all < / G n with ||/||i < 1 : 



^og\\fh<\\m' I f\og{f/\\fh)df, (6.24) 

then from ()6.21|) . 



mogWfh) <Q{f) (6.25) 

But the first term of this inequality is -B(||/||2) in (|6.15l ) because B{t) = tDilog y/i). 
We conclude Theorem 16.41 



7 Weak Sobolev inequalities and Nash Type in- 
equalities. 

We apply the results of the preceding section with a{t) = cit~^ and recall explicitely 
some well-known results concerning semigroups with this polynomial ultracontrac- 
tivity. Recall that, in our setting, 

||e-^1oo,2 < cir? (7.1) 

is equivalent to 

||e-^*||oo,i < c'lt-t (7.2) 

Let T> be the domain of A. 

Theorem 7.1 The following inequalities are equivalent 

||e-^Vl|oo<cirt||/||2 (7.3) 

for all f & L"^ and for all t > 0. 
(n) 

J f log fdfi< log (cQiff^) (7.4) 

for all f eVnL^ nL^J >0 and \\f\\2 = 1. 
(Hi) 

ll/lir- <C4Q(/)||/||f (7.5) 

for all f eL^nV. 
(iv) 

< c,QU) (7.6) 



n-2 



for all f (when n> 2). 



23 



Proof : The equivalences between ()7.3p and ()7.5|) and ()7.6|) (when n > 2) are 
well-known, see |VSCj .|D]. 

In jB], D.Bakry gives the arguments to prove that (|7.4|) is equivalent to (|7.3|) 
(see remark at the end of page 64 and Section 5 p. 67 of Bj)). Here, we focus on 
the inequality (j7.4p . We first prove that (j7.3p implies (|7.4|) by applying Theorem 16. 71 
with a{t) = CQt~^ . A simple computation gives us D{y) = ce^, ?/ G M. Then, we 
deduce for all / G P n n / > and ||/||2 = 1 : 

cexp(i|f log/c^/i) <g(/) (7.7) 
because D is increasing and thus invertible, this inequality is equivalent to ()7.4|) i.e 

J f log/rf/x<log(c3g(/)?) (7.8) 

with C3 = c 4 . 

We now prove that (|7.4j) implies (|7.5|) by applying Theorem 16.41 We get, for any 

< / G PnLinL°°, 

ll/ll2^^<C3Q(/)? (7.9) 
with ll/lli < 1. This proves ()7.5p . 

The original proof of the implication ()7.3p to ()7.5p is obtained by using Theorem 
fl6.3j) . But, as we have seen above, the applications of Theorem 16.31 have some limi- 
tations. So we shall prefer the approach with LSIWP given by Theorem 16.71 

The inequality ()7.4|) is called weak-Sobolev inequality of dimension n in [B]. 
In section IHl this inequality is generalized by inequality ()6.20|) . Then ()7.4|) is a 
particular case of (jFT^ with the function D{y) = ce^?'/", y eR which is invertible. 
More generally when D is invertible, the inequality ()6.2()|1 is equivalent to 

J f\ogfd^i<D-\QU)) (7.10) 

for all / G I) n n / > and ||/||2 = 1. 

8 Examples on the infinite Torus 

In this section, we give families of examples of semigroups with one-exponential and 
double-exponential ultracontractivity property when the time is small (see defini- 
tions below). In fact, a natural setting for having such behaviors is the infinite torus 
T°°. The reference for such examples is the paper by A.Bendikov |B2j (see also 
|Blj ). This paper also contains much more examples of classes of ultracontractivity. 
In fact, much weaker behavior than polynomial ultracontractivity can be produced 
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Let T°° be the infinite torus with its ordinary product structure. The group 
T°° is a compact abehan group. The neutral element is denoted by and dm the 
normalised Haar measure. This measure is the countable product of the normalised 
Haar measure of T which is identified with [— vr, vr]. Let fit the brownian semigroup 
on T and A = {a^}^]^ a sequence of strictly positive numbers. For each t > 0, we 
define the product measure: 

then (/i^)i>o defines a symmetric convolution semigroup on T°° denoted by (T/^)t>o 
and 

||T,-^||i^oo = /x^(0). 

One important aspect of such semigroups for Harmonic Analysis theory in infinite 
dimensional spaces is that (fi'f) is not necessarily absolutely continuous with respect 
to the Haar measure dm. We have to impose conditions on the sequence A in order 
to get a continuous density. To this purpose, we set for x > : 

^f^(x) = tl{A; > 1 : ttk < x}. 

It is proved in 'B2' (Thm 3.6 p. 51) that if 

\ogJ\f'^{x) = o{x) as X +00 

then fif has a continuous density. The converse is also true. We also denote by 
fi'f the density when it exists. The infinitesimal generator is given formally as an 
infinite Laplacian A = Y.'k'=i '^kS— ■ In the two following subsections, we focus on 
two particular examples of ultracontractivity property. 



8.1 One-exponential ultracontractivity 

We shall say that a semigroup (T^) satisfies a one-exponential ultracontractivity 
property at zero if there exists a > and to > such that 

||Tt||i^+oo<c'exp(^|^), 0<t<to- (8.1) 

for some constants c, c' > 0. We shall say that a semigroup (T^) has a strict one- 
exponential ultracontractivity property if (|8.ip is satisfied and moreover 

c'exp f-^) < ||Tt||i^+oo, 0<t<to. (8.2) 



J' 

with the same index a but with possibly other constants c, c'. 

Note that of ()8.ip holds for some t < to then it holds for any t > 0. Indeed, the 
function | |Tt| |i^+oo; is non-increasing in t. We have the following family of examples 
satisfying a strict one-exponential ultracontractivity property: 
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Theorem 8.1 ( JbB Thru 3.18 p. 54). Let a > 0. Assume that N'-^{x) ~ as 
X — >• +CX). Then we have 



log/xf (0) ~ k{a) r" as t ^ 
In particular, there exists to, ci{a),C2{a) such that : Vt G]0,to] ; 



exp 



ci[a) 



< \ \Tt\\i^+oo < exp 



C2[a) 



Recall that IITJK 



/ij^^(O). The condition on the sequence A is satisfied, 



for instance with = /c^/", k > 1 with a > 0. 

Now, we apply Theorem 16.51 with X = T°° and n the Haar measure on X. We 
have the following Nash type inequality. 

Theorem 8.2 Under the assumptions of Theorem \8.1\ There exists constants ci, C2 > 
such that : 



log^ 



ciNJNi 



< C2g(/) 



for alio < f EVnL^ n 



We deduce the folUowing result by using cut-off method developed as in 
(see jBiMaj and also |Wj for such inequalities). 



Theorem 8.3 There exists C3, C4 > such that, for all < f E V (1 L^fl G L°° , 

1+^ 



log 



/ 



C3 



+ 1 



d^<c,{Q{f) + 



.6) 



Conversely, by a convexity argument similar to Lemma 13.11 (in the genral frame- 
work), dHini) implies ^ with Q{f) + \\f\l instead of Q{f). 



8.2 Double-exponential ultracontractivity 

We shall say that a semigroup (Tt) satisfies a double-exponential ultracontractivity 
property at zero if there exists 7 > and to > such that 

1 1 7* 1 1 1^+00 < c exp (exp (^^^), < t < to, (8.7) 

for some constants c, c' > 0. We shall say that a semigroup (Tt) has a strict double- 
exponential ultracontractivity property if ()8.7|1 is satisfied and moreover 

c'exp(exp (^^^) < ||Tt||i_+oo, < t < to, (8.8) 
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with the same index 7 but with possibly other constants c, c'. 



Note that if ()8.7p holds for some t < to then it holds for any t > 0. We have the 
following family of examples satisfying a strict double-exponential ultracontractivity 
property: 



Theorem 8.4 { JB^ Thm 3.27 p. 59). Let 7 > 0. Assume that \ogN^{x) 
+00. Then we have 



loglog/i^(0) ~ 0(7) if: ^ as t ^ 
In particular, there exists to, Ci (7), 02(7) > such that : 'it G]0,to] ; 



exp(exp 



< \\Tt\\i- 



> + CXD 



< exp 



(exp 



^.9) 



(8.10) 



The condition on the sequence A is satisfied, for instance with = [ln(fc + 2)] ,k> 
1 with 5 = (7 + l)/7. 

Now, we apply Theorem 16.51 with X = T°° and n the Haar measure on X. We 
have the following Nash type inequality. 

Theorem 8.5 Under the assumptions of Theorem'E^-. There exists constants ci, C2 > 
such that : 



I I/I I2 log 



log Ci log^ 



< C2Q{f) 



(8.11) 



1/7 



for alio < f evnL^ nL"^. 

We deduce the folUowing result. We set D^{y) = log_|_|/+ 
Theorem 8.6 There exists C3, C4 > such that, for all < f e V f] L^fl G 

/ 



/^./^/^.(c3log(^))c^,<c.Q(/) 



8.12) 



9 The double-exponential case 

In this section, the assumptions are the same as in Section |21 In this general frame- 
work, we consider the relationship between the double-exponential ultracontractivity 
property and LSIWP. We recall that the semigroup satisfies the double-exponential 
ultracontractivity property if: 

||Tt/||oo<a(t)||/||i, t>0 (9.1) 
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with a{t) = exp(exp(/t'^)) with 7 > and c > (see Subsection 18. 2^ . Applying 
Theorem 12.41 we get the following logarithmic Sobolev inequality with parameter : 
for alH > , 

/ f log/rf/.<tQ(/)+/5(t)||/||^+||/||^log||/||2 (9.2) 

where P{t) = iloga(t) = ^ exp(c/t'''). 

We now discuss about the converse result. Assume that ()9.2j) holds true. We 
remark that by formula ()2.(i|l of Theorem 12.11 gives (t) = 00 for all t > and 
all > — 1. So we get no information about ultracontractivity property of the 
semigroup with this formula. It is not completely surprising. Indeed, there exists a 
semigroup satisfying ()9.2|) with 7 = 1 but which is not ultracontractive hence ()9.3|) 
doesn't not hold (P: example 2.3.5 p.73 and |DE|: (3) p.355 and p.359). So LSIWP 
fl9.2j) may not imply the ultracontractivity property of the semigroup (at least in 
that case when 7 > 1). In that section, we show that, if the condition ()9.2|1 is 
satisfied with 7 < 1, then the semigroup is ultracontractive of double-exponential 
type but with 7' different from 7. Moreover 7' tends to infinity as 7 tends to 1. 

This remark implies that Nash type inequality and ultracontractivity property 
are not equivalent in general (see [HI and also |BeMaj ) . 

By the converse Theorem of Davies-Simon 12. 3| if we suppose that the condition 
fl9.2j) is fulfilled with 7 g]0, 1[, then the semigroup is ultracontractive. But Theorem 
12.31 doesn't seem to give easily and explicitely a function b(t) such that : 

||T,/|U<&(^)||/||i (9.3) 

In this paragraph, we modify the argument of proof of Lemma 13.31 to deal with 
the double-exponential case. 

Proposition 9.1 // 119.^) is satisfied with (3{t) = ciexp(p-), < 7 < 1 then h9.^:^) 

holds with b{t) = /ci exp (^exp(^)^, 7' = where ki,k2 are some positive con- 
stants. 

Remark 9.2 1. If we apply Theorem \2.4\ and its (partial) converse proposition 
\9.1\ we stay in the same class of functions of type double-exponential. But we 
lose the exponent 7. The question to know if the expression of the exponent 
7' = above is optimal is open. 

2. We also note that 7' is singular when 7 tends to 1. By a preceding remark 
7 = 1 really a critical index. 

Proof : The proof follows the same lines as the proof of Theorem 13.41 The 
only change we need is a modification of the lemma 13.31 when the function b{t) = 
Ciexp(ll). This is done with the following lemma : 
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Lemma 9.3 Suppose that G C"'^([0, +oo[) satisfies , 

$(5)<(-t/2)<|.'(s) + ciexp(|) (9.4) 

/or all s, t > and for a fixed 7 such that < 7 < 1. Then we have 

^t)<hexp{^) (9.5) 

for all t > 0, where a = j^, ki = 2ci and k2 = c^"'^ (1^) • 

Proof of the lemma : Set t = with A > and /? > choosen later. We 
muhiply ((n3D by exp(^)s~^-i with C3 = CgA'^. Then , 



s-'-' exp(^)$(.) < ^ exp(^)$'(.) (9.6) 

1 -0-1 /■ '^3 2C3 

We choose /? such that 7(/3 + 1) = /5 then /3 = > 0. We integrate ()9.6p over the 
interval [0,t] for t > 0. Let /(t) = Jq s'^-^ exp{^)^{s) ds. Thus 

/(t) < ^^(t) + 5(t) (9.7) 

with 



A{t) = exp{—^)<^>'{s)ds (9.8) 



and 



B(t) = ci /* s~^-^ exp(-J) ds. (9.9) 
Jo 

These integrals converge because /3 > and C3 > 0. The function B{t) can be 
explicitely computed 

y4(t) is computed by integration by parts 



Ait) = exp(^)$(t) - 2(3csl{t). (9.11) 



From dnSI) we get 
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m < ^^M^)m + + (9-12) 

Now, we chose A such that A = /5c3 then A = {(3c2)~ ■ Finally, 

^exp(^)*W<-|exp(Z£5, (0,3) 

-J- 

We conclude the lemma with ki = 2ci and k2 = C2 ^ ( jz:^) ^"^ and then Proposition 
19.11 is proved. 
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